General formalism of special form of Hylleraas correlated wave functions (SFHCWF) is demonstrated in this paper. The adequacy of the SFHCWF in the description as well as of the singlet than of the triplet excited states of two electron systems is also presented in this work. Application of SFHCWF to the calculations of doubly excited nl nl ′ states (n = 2-4) in the helium-like ions is done, using the screening constant by unit nuclear charge method in the framework of a variational procedure. Comparison with various available theoretical and experimental literature values indicates a good agreement. PACS: 31.15.p, 31.15.Ar, 31.25.Jf
Introduction
The most suitable approached method used for the treatment of the ground state of two electron systems is the Ritz variational principal which has been first applied to the helium atom by Kellner [1] and with even great success by Hylleraas [2] . Since the early experiment of Madden and Codling [3] and others [4] and theoretical explanation of Cooper, Fano and Prats [5] , doubly-excited states (DES) of the helium-like ions have been the intention of several studies. Besides, higher-energy Rydberg envelopes contain doubly-excited states which are generally labelled in the usual spectroscopic notation (N l,nl ′ ) 2S+1 L π with n = N , N +1,··· [6] . In these notations, N and n denote respectively the principal quantum numbers of the inner and the outer electron, l and l ′ there respective orbital quantum numbers, S the total spin, L the total angular momentum and π the parity of the system. Investigations of DES in two electron systems are of interest in spectroscopic diagnostic in connexion with the understanding of collisional and radiational processes taking place in hot astrophysical and laboratory plasmas [7] . For autoionizing states in the helium isoelectronic series, many computational methods are employed. Among these methods are, the computing double sum method over the complete hydrogen spectrum [8] , the complex-coordinate rotation [9] [10] [11] [12] , the density functional theory [24] , the Feshbach-projection method [14] , the screening constant by unit nuclear charge (SCUNC) method [15] [16] [17] (to name a few). Special type of trial wave functions combining Hylleraas and incomplete hydrogenic wave functions have also been used in the computations of energies for doubly excited states of two electron systems [18] [19] [20] [21] . But in these studies, the special form of Hylleraas correlated wave functions (SFHCWF) used by Biaye and co-workers [18] [19] [20] [21] , has been constructed by an iterative procedure.
In this paper, we present the general mathematical formalism that leads to the construction of such special wave functions. The adequacy of the SFHCWF in the description as well as of the singlet than of the triplet excited states of two electron systems is also presented. Besides, using the SCUNC-method, we apply SFHCWF in the calculations of 2s2p 1 P o , 3s3p 1 P o , 4s4p 1 P o , 3s3d 1 D e , 4s4d 1 D e , 4s4 f 1 F o , 4p4d 1 The advantages of the SCUNC method are connected with the possibilities to investigate autoionizing states in two-electron systems using either a variational or a semi-empirical procedure. Comparison of the results obtained with various theoretical other results is made. Discussions between the two procedures (semi-empirical and variational) of the SCUNC method are also made. In Section 2, we present the theoretical procedure adopted in this work. In Section 3, we present and discuss the results obtained, compared to available theoretical and experimental literature values.
SfHCWF for doubly excited states of two electron systems
For the ground state of two electron systems, the Hylleraas wave function is in the form Φ jkm ( r 1 , r 2 ) = (r 1 +r 2 ) j (r 1 −r 2 ) k | r 1 − r 2 | m exp−λ(r 1 +r 2 ). (1) In this expression, r 1 and r 2 denote the positions of the two electrons, r 1 and r 2 are used respectively for | r 1 | and | r 2 |, j, k, m are Hylleraas parameters satisfying the double condition ( j, k, m ≥ 0) and j +k+m ≤ 3, λ represents a coefficient given by: λ = Z /αr 0 , where Z, α and r 0 denote respectively the nuclear charge number, the variational parameter and the Bohr's radius. The set of the parameters ( j, k, m) define the basis states and then give their dimension D. From the theoretical viewpoint, the Hylleraas variational method is based on the Hylleraas and Undheim theorem [22] according to which, a good approximation of the energy eigenvalue E(α) is obtained when the minima of the function (dE(α)/dα=0) converge with increasing values of the dimension D of the basis states and when the function exhibit a plateau. In the Hylleraas wave function, the angular part corresponding to the spherical harmonic Y (Θ,ϕ) is determined by the cosinus of the angle θ 12 between the direction of the vector positions r 1 and r 2 as shown in the following expression
On the other hand, in the Hylleraas variational method, the Hamiltonian operator relative to the two electron systems is shared in three terms as follows
In this above decomposition, T denotes the kinetic energy operator of the two electrons, C is the Coulomb potential energy operator between the atomic nucleus and the two electrons and W represents the Coulomb interaction energy operator between the two electrons. These operators are given respectively by
In the framework of the Hylleraas method, the total ground state energy E is written as the sum of the average values of these three terms
For an operator A, the average value 〈A〉 in the non normalized ground state wave function given by Eq. (1) is in the form
denotes the matrix element of the normalisation constant. The parameters J , K, and M are equal respectively to: J = j + j ′ , K = k+k ′ , and M = m+m ′ . Using Eq. (1), we obtain
In term of the matrix elements, the total ground state energy E satisfies the following relation
To facilitate the calculations of the above matrix elements, Hylleraas [2] used three distance coordinates defined as follows v = (r 1 +r 2 ), w = (r 1 −r 2 ), u =cosθ 12 .
By use of these variables, the matrix elements N J K M , T jkm j ′ k ′ m ′ , C J K M and W J K M are evaluated. One finds respectively
These matrix elements with respect to the ground state of two electron systems are evaluated using a computer program. This permits to obtain the total ground state energy
The method has been applied successfully first by Hylleraas [2] in the ground state of the helium isoelectronic series. After, Biaye et al. [18] [19] [20] [21] have extended the method to the calculations of energies for doubly excited stated of the helium atom and its isoelectronic sequence. But the wave functions combining Hylleraas and incomplete hydrogenic wave functions used by these authors have just been constructed by an iterative procedure. The form of the wave functions is considered as acceptable, if it permits to succeed at results in good agreement with other available experimental and theoretical results. Obviously, such a procedure could take a lot of time. To facilitate the construction of the special wave functions combining Hylleraas and incomplete hydrogenic wave functions, it is necessary to develop the general mathematical formalism that leads to the construction of such special wave functions. The first part of the present work is in this direction.
Incomplete hydrogenic wave functions for (nl 2 ) symmetric doubly excited states of the helium-like ions
For doubly excited states of type (nl 2 ), the correlated wave functions Ψ jkmnl ( r 1 , r 2 ) are constructed considering the product of incomplete radial hydrogenic wave functions R nl (r 1 ,r 2 ) by Hylleraas wave functions Φ jkmn ( r 1 , r 2 ) Ψ jmknl ( r 1 , r 2 ) =R nl (r 1 ,r 2 )xΦ jkmn ( r 1 , r 2 ). (2) In this equation, Φ jkmn ( r 1 , r 2 ) is given by Eq. (1) where the λ parameter for excited states is in the form λ = Z /αr 0 n, n denotes the principal quantum number.
As far as the radial hydrogenic wave functions are concerned, they are in the general well knowing expression
In this formula, L 2l +1 n+l (r) are Laguerre associated polynomials linked to the L n+l (r) − Laguerre polynomials by the Rodrigue's formula
where L n (r) = e r d n d r n (r n e −r ).
On the other hand, complete hydrogenic wave functions are in the shape
In this equation, R nl (r) denotes the radial wave function given by Eq. Then, for the correlated waves functions ψ jkm nl (r 1 ,r 2 ) we do the product ψ jkm nl (r 1 ,r 2 ) =R nl (r 1 ,r 2 )×Φ jkm (r 1 ,r 2 )×e λ(r 1 +r 2 ) .
The multiplication by the factor (expλ(r 1 +r 2 )) in the second term of the right hand side of Eq. (4) is justified by the fact that, each of the wave functions (R nl (r 1 ,r 2 )) and Φ jkm (r 1 ,r 2 ) contains the exponential factor exp−λ(r 1 +r 2 ). The main problem is to construct the incomplete hydrogenic wave functions ψ nl (r 1 ,r 2 )=R nl (r 1 ,r 2 ). In this purpose, we determine some radial hydrogenic wave functions in the particular cases of 1s, 2s, 2p, 3s and 3p states. By use Besides, let us introduce the effective charge number Z * defined by
where α is a variational parameter. Using Z * , we construct non normalized incomplete radial wave functions considering the preceding hydrogenic waves functions 
On the other hand, the electron-electron correlation effects are taking into consideration by the parameters j, k and m of Hylleraas. We consider then, the incomplete hydrogenic wave functions given by Eq. (6) as wave functions of independent particles. Each electron is considered as interaction with the nucleus of effective charge Z * . In this condition, if ψ( r 1 , r 2 ) is the wave function describing the global state of the two independent particles (1) and (2), in the basis | r 1 , r 2 〉, we get
Besides, for identical particles (electrons here) the wave function can be written in the form
This function is obtained by permuting the spatial coordinates r 1 and r 2 respectively of the two particles (1) and (2). Using these preceding equations, we construct the radial wave functions of the two electrons as follows
• For 1s state,
• For 2p state,
Let us put
This, together with Eq. (7), gives
which leads to
2r 0 (r 1 +r 2 ) .
• For 3s state,
Performing the following product
we obtain using Eq. (8) that
• For 3p state,
Let us put again
That means using Eq. (9)
Let us then summarize the equations to be used in the following study:
For 1s state,
For 2s state,
For 3s state,
For 2p state,
For 3p state,
Let us then move on determining the general wave functions containing all the radial incomplete hydrogenic functions given by Eq. (10) . In this purpose, we appeal to the general methodology of resolution of the Schrödinger's equation applied to the hydrogen-like ions. For the hydrogen-like ions, the Schrödinger's stationary equation is written in the well knowing formĤ
For the stationary states, the square of thel 2 − orbital angular momentum is given bŷ
Using this result, the above Schrödinger's equation becomes
Inserting ψ =R(r)×Y (θ ,ψ) into Eq. (11), we obtain the radial wave function equation
For the resolution of Eq. (13), the radial wave function R is generally written in the form [23]
Using this expression, Eq. (13) gives
The solution of this differential equation is presented as follows
By use of Eq. (16), Eq. (15) leads to the coefficients a k after identification
The first equation gives the solution γ =−l or γ = (l +1). The result γ = −l is to be rejected as it leads to a wave function being infinite for r → 0.
This disagrees with the limits fixed to any wave function ψ(r), solution of the Schrödinger's equation. In fact, ψ(r) and its first spatial derivates must be finished, uniforms and continuous, even at the points of discontinuity of the potential function U (r). Subsequently, the solution γ = (l +1).
is conserved. Besides, for the convergence of the series given by Eq. (16), the second solution above yields asymptotically (k →∞), to the following relation
On the other hand, considering the expansion of the function e 2β r , we obtain
Imposing the asymptotic behaviour (k →∞) in this equation, the b k − coefficients satisfy
Comparing Eqs. (18) and (19), one can see that for k→∞, the function given by Eq. (16) has the same behaviour than the exponential function e 2β r . As a result, Eq. (16) is converging and then must stop to the term of nth degree, namely
Thus, according to Eq. (17):
where r 0 = Z me 2 /h 2 denotes the Bohr's radius.
Besides, by use of the solution given by Eq. (17) and the value k = n, Eq. (16) is written in the form of a sum of finites terms, namely
Using this result, the radial wave function given by Eq. (14) takes the form
We deduce the expression of the incomplete hydrogenic wave function R(r 1 ,r 2 ) as follows
That means
where
In Eq. (23), the β * -parameter is the equivalence of the λ-parameter as defined in the Hylleraas wave function. The incomplete hydrogenic wave function is then in the form
Using this wave function, we determine the expressions of the radial hydrogenic wave functions R 10 (r 1 ,r 2 ), R 30 (r 1 ,r 2 ), R 21 (r 1 ,r 2 ) and R 31 (r 1 ,r 2 ) in Eq. (10) in terms of the coefficient a v+l +1 . We find respectively For 1s state,
For 2s state, R 20 (r 1 ,
For 3s state, R 30 (r 1 ,r 2 ) = a 1 +a 2 r 1 r 2 +a 3 r 2
For 3p state, R 31 (r 1 ,r 2 ) = a 2 r 1 r 2 +a 3 r 2
Comparing these expressions to those of Eq. (10), we obtain after identification 
Special incomplete hydrogenic wave functions for (nl 2 ) symmetric doubly excited states of helium-like ions
Using the preceding results, one can see that the values of a 2 and a 3 disagree. In order to resolve these contradictions, we introduce special incomplete hydrogenic wave functions as follows:
For 1s state, R 10 (r 1 ,
For 3s state, R 30 (r 1 ,r 2 ) = 1+(ρZ * ) 2 r 1 r 2 +(ρZ * ) 4 r 2
For 3p state, R 31 (r 1 ,r 2 ) = (ρZ * ) 2 r 1 r 2 +(ρZ * ) 4 r 2
We obtain as previously
In Eq. (29), ρ is a parameter depending on the form of the specific constructed wave function.
The coefficients a v+l +1 in these equations satisfy the general expression
By use of this result, we obtain for the radial wave function given by Eq. (25)
This equation can be written in the form
On the other hand, according to Eqs. (5) and (20) 
Consequently, Z * =nr 0 λ. Using these equalities, the special incomplete hydrogenic wave functions given by Eq. (31) can be written in the form
Using Eqs. (1), (4) and (32), general special form of Hylleraas correlated waves functions given by Eq. (2) for the description of (nl 2 )-symmetric doubly excited state of the helium-like ions are given by
The construction of the special form of Hylleraas correlated waves functions adapted to the correct description of (nl 2 ) -doubly excited state of helium-like ions becomes very easy by enlightening in the framework of an iterative procedure, the acceptable expression of the ρparameter. On the other hand, as the factor (ρnr 0 λ) 2l will disappear in the calculation of the matrix elements N J K M , T jkm j ′ k ′ m ′ , C J K M and W J K M , the above waves functions can be written in the approached form
Let us put l = n−1. This involves n−l −1 = 0. We find then the special form of Hylleraas correlated wave functions adapted to the correct description of 2p 2 , 3d 2 and 4 f 2 symmetric doubly excited state of helium-like ions as follows
These basis wave functions describe the same states than those used by Biaye and co-workers [18] ψ jkmn (r 1 ,r 2 ) = (2r 1 2r 2 ) n−1 (r 1 +r 2 ) j (r 1 −r 2 ) k | r 1 − r 2 | m e −λ(r 1 +r 2 ) , as the 4 n−1 -coefficient disappears in the calculation of the matrix elements N J K M , T jkm j ′ k ′ m ′ , C J K M and W J K M .
In the same way, putting ρ =2 in Eq. (33), we get Ψ jkmnl ( r 1 , r 2 ) = (r 1 r 2 ) l n−l−1 v=0 (n 2 r 2 0 λ 2 2r 1 2r 2 ) v (r 1 +r 2 ) j (r 1 −r 2 ) k | r 1 − r 2 | m e −λ(r 1 +r 2 ) .
Theses wave functions describe again the same states that those used by Biaye and co-workers
where, the coefficient of proportionality is equal to 4 l and will again disappear when calculating the matrix elements N J K M , T jkm j ′ k ′ m ′ , C J K M and W J K M .
Adequacy of special incomplete hydrogenic wave functions for singlet and triplet doubly excited states of the helium-like ions
Let us here take into account the symmetrization postulate for the correct description of the states of identical particle systems. This will confirm the fact that, general wave functions given by Eq. (33) are suitable as well as for singlet than for triplet excited states of the heliumlike ions. According to the symmetrization postulate [24] , when a system of particles contains several identical particles, only certain wave functions can describe the physical states of the system. In relation to the nature of the identical particles, these wave functions are either completely symmetric (for bosons particles) either completely antisymmetric (for fermions particles) with respect to the permutation of the coordinates of the particles. As electrons are fermions, the symmetrization postulate involves that, only are realized the states describe by symmetric Ψ s (r 1 ,r 2 ) and antisymmetric Ψ a (r 1 ,r 2 ) wave functions, namely Ψ s (r 1 ,r 2 ) =ψ jkm nl (r 1 ,r 2 )+ψ jkm nl (r 2 ,r 1 ), Ψ a (r 1 ,r 2 ) =ψ jkm nl (r 1 ,r 2 )−ψ jkm nl (r 2 ,r 1 ).
In this expression, the wave functions are symmetric (antisymmetric) under the exchange of the particles 1 and 2 when the plus (minus) sign is used. Considering Eq. (33), we obtain
As r 1 r 2 = r 2 r 1 ; (r 1 +r 2 ) = (r 2 +r 1 ) and (r 12 = | r 1 − r 2 | = r 21 = | r 2 − r 1 |), the global correlated wave function Ψ jkmnl (r 1 ,r 2 ) can be written as follows
From this expression, one can see that
• if k is even, the antisymmetric wave function is equal to zero and Eq. (34) gives
• if k is odd, the symmetric wave function is equal to zero and Eq. (34) gives
In fact, if k is odd, we can put k =2q+1. So
That means (r 2 −r 1 ) k = −(r 1 −r 2 ) k . Inserting this result into Eq. (34), we obtain the last expression of Ψ jkmnl (r 1 ,r 2 ).
The preceding results indicate that, the global wave function Ψ jkmnl (r 1 ,r 2 ) can be written in the following form
This special type of trial wave functions constructed by combining Hylleraas and incomplete hydrogenic wave functions [exactly equals to Eq. (33)] is then adapted to the description of both singlet and triplet symmetric doubly excited states of helium isoelectronic series:
• For 1 L singlet doubly excited states, the total spin S = 0 and the spin wave function is antisymmetric. Subsequently, the spatial wave function is symmetric and we take even values of k -parameter (k =0,2,4,···);
• For 3 L triplet doubly excited states, the total spin S = 1 and the spin wave function is symmetric. Subsequently, the spatial wave function is antisymmetric and we take odd values of k -parameter (k =1,3,5,···).
On the other hand, for (nlnl ′ ) 2S+1 L doubly excited states, the wave functions are constructed as follows Ψ nl nl ′ (r 1 ,r 2 ) =ψ jkm nl (r 1 ,r 2 )+ψ jkm nl ′ (r 1 ,r 2 ).
Using equation Eq. (33), we obtain Ψ jkm nl nl ′ (r 1 ,r 2 ) = (r 1 r 2 ) l
Eq. (35) contains the following wave functions used by Biaye and co-workers [20, 21, 31] Ψ jkm nl nl ′ (r 1 ,r 2 ) = (2r 1 2r 2 ) l In this section, we apply the screening constant by unit nuclear charge formalism (SCUNC) to calculate the energy resonances of the helium-isoelectronic sequence converging to the n = 2 ∼ 4 hydrogenic thresholds. In the framework of the SCUNC -method, total energy of (N l,nl ′ ) 2S+1 L π excited states is expressed in the form (in Ryd) [16, 17] 
(36)
In this equation, the principal quantum numbers N and n, are respectively for the inner and the outer electron of He-isoelectronic series, the β-parameters are screening constants by unit nuclear charge expanded in inverse powers of Z and given by [16, 17] 
where f k = f k (N lnl ′ , 2S+1 L π ) are screening constants to be evaluated empirically or variationally.
For nlnl ′1 L π doubly excited states in two electron systems, the wave functions used in the present calculations is the following using Eq. (35) with ρ =1
In this correlated wave function, the λ-parameter is equal to λ = Z /nα and the changes ν = (r 1 +r 2 ); w = (r 1 −r 2 ); u = cosθ 12 are made. Then for the final wave functions, solution of the Schrödinger's equation, we get
where the coefficients a jkm are given by solving the following Schrödinger's eigen equation
In this equation, we remain that the Hamiltonian operator is equal to
with (in atomic units)
Besides, for the representation of the Schrödinger's equation on the non-orthogonal basis, we obtain denoting by q the Hylleraas parameters ( j,k,m)
In this equation, H nlqq ′ and N nlqq ′ denote respectively the normalization constant and the matrix elements of the Hamiltonian operator given by
Furthermore, in the framework of the screening constant by unit nuclear charge formalism, the β-screening constant is expressed in terms of the variational λ-parameter as follows
As λ = Z /nα, this equation becomes
Using Eq. (36), total energy of nlnl ′1 L π doubly excited states in the helium-like ions is then expressed as follows
In this equation, only the λ-parameter is unknown. The λ-parameter in Eq. (39) is determined by increasing the value of the dimension D of the basis functions until the minima of the functions (d〈H(λ)〉/dλ=0) converge by exhibiting a plateau according to the Hylleraas and Undheim theorem [22] . The dimension D is given by the ( j,k,m)-parameters with the condition ( j,k,m≥0) and j +k+m≤3. If λ 0 denotes the value of the λ-parameter corresponding to the minima of the function, a good approximation of the energy positions of nlnl ′1 L π doubly excited states in two electron systems is given by
(40)
Results and discussion
The present calculations are carried out in 3×3, 6×6, 10×10 and 13×13 basis corresponding respectively to the dimension of the basis functions D = 3, 6, 10 and 13. The exhibition of a plateau by the average value E(λ) = 〈H(λ)〉 of the Hamiltonian operator arise when D ≥ 10 and a stabilization is obtained for D = 13. Then, for the dimension D = 13 of the basis functions, we compute the values of λ 0 and deduce the E(nlnl ′ , 1 L π ,λ 0 ) energy positions using Eq. (40). The results obtained are listed in Table 1. In Tables 2-4 , the comparison of the present calculations up to Z =10 with various theoretical calculations and experiments is made. Considering the results listed in Table 2 for 2s2p 1 P o , 3s3p 1 P o , 4s4p 1 P o and 3s3d 1 D e levels, the agreement between the present calculations and the double sums over the complete hydrogen spectrum values of Ivanov and Safronova [8] , the complex rotation results of Ho [9, 10] , the Feshbach projection results of Bachau et al. [14] and with our semi-empirical results obtained previously [16, 17] is seen to be good. One can also remark that, the present variational results are close to that of the complex rotation calculations [9] for 2s2p 1 P o levels for Z =3∼9. For 3s3p 1 P o level, the agreement between the present calculations and the semiempirical results we obtain previously [16] is seen to be very good. Comparison between the two procedures (variational and semi-empirical) of the SCUNC-method for the 2s2p 1 P o and 4s4p 1 P o levels shows an agreement that can be considered to be very satisfactory. [14] , Feshbach projection method.
In Table 3 , the results obtained for 4s4d 1 for Z = 3 ∼ 10. As far as comparison with the variational calculations of Biaye et al. [20] is concerned, the agreement is seen to be satisfactory. Let us underline that, the results of Biaye et al. [20] have been obtained using Eq. (35) where ρ = 2 and by applying the Hylleraas and Undheim theorem [30] . The eigenvalues are obtained when the minima of the functions converge with increasing the values of the dimension D of the states. It is seen that, discrepancies appear when the charge number Z increases. Biaye et al. [19, 20] explain these slight disagreement for higher Z by the choice of the angular part of the wave functions which describe better the atomic system with low-Z than with high-Z and by the fact that they have also omitted the Feshbach shifts in their calculations. But, it should be mentioned that, when we combine the Hylleraas variational principal to the SCUND method, the results obtained by using the wave functions given Eq. (35) with ρ = 1, are more accurate. This is demonstrated by comparing the results quoted as well as in Table 2 for 2s2p 1 P o , 3s3p 1 P o and 4s4p 1 P o levels than in Table 3 In Table 4 , the comparison of excitation energy of 2s2p 1 P o , 3s3p 1 P o , 4s4p 1 P o , 3s3d 1 D e and 4p4d 1 F o levels for Z =2∼5 is made with available experimental and theoretical literature values. For 2s2p 1 P o , 3s3p 1 P o and s4p 1 P o levels, comparison indicates that both variational and semi-empirical procedures of the SCUNC-method give results matching very well. As far as 3s3d 1 D e and 4p4d 1 F o levels are concerned, it appears that our results agree as well as with that of Roy et al. [13] than with that of Ray el al. [25] . As regard comparison with experiments, the agreements between the results obtained in the present work and the experimental data of Kossman et al. [26] , Diehl et al. [27] and of Woodruff and Samson [28] for 2s2p 1 P o , 3s3p 1 P o and 4s4p 1 P o levels of He and Li + are seen to be very satisfactory.
On the other hand, it is interesting to mention that the semi-empirical procedure of the SCUNC-method is most soft that the variational procedure. In addition, the most important point to underline is that, in the framework of the semi-empirical procedure of the SCUNCmethod, it is not necessary to invoke calculations requiring a fair amount of mathematical complexity nor a computer program to succeed in obtaining accurate results in the treatment of the properties of the helium isoelectronic sequence. This is not the case of the variational procedure for the main following reasons. First, one may construct the adequate expression of the correlated wave function to be used in the calculations. Such a task is not easy and it can take many months (that is not the case of the semi-empirical procedure where the establishment of the energy expressions takes less than one week when experimental data are available). Secondly, an adequate computer program (Fortran in the present calculations) is to be concocted for computations and, generally, such program is very fastidious (for the semi-empirical procedure, energies are directly calculated).
In summary, it has been demonstrated in the present work the possibilities to use the screening constant by unit nuclear charge method in the study of nlnl ′ doubly excited states in the helium-like ions in the framework of a variational procedure. Correlated wave functions combining Hylleraas to incomplete hydrogenic wave functions are used in the present computations and accurate results are obtained as shown by the comparison with various available theoretical and experimental literature values. One can notice that, the merit of the screening constant by unit nuclear charge method is to give the possibilities to calculate accurate energies for doubly excited states in two electron systems using a variational procedure or a semi-empirical one.
